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Abstract. In this paper, we study the stability of the nonlinear rotor-seal system using Liapunov’s 
first method. The mathematical solutions using multiple scales up to and including second order 
approximations is investigated. We extract all resonance cases from analytical solution and 
investigated. It is quite clear that some of the simultaneous resonance cases are undesirable in the 
design of such system as they represent some of the worst behavior of the system. The effects of 
various parameters on the behavior of the system and stability of the system are investigated 
numerically by response curve. Poincaré maps are used to determine stability and plot bifurcation 
diagrams. 
Keywords: multiple time scale, resonance cases, stability. 
1. Introduction 
Rotating machinery is widely used in engineering. In order to increase the efficiency of rotating 
machinery, the clearance between rotor and stator has been designed to be smaller and smaller, 
however, which leads to a larger possibility of impact-rub. Rubbing may induce the rotor’s 
dynamic instability, blade break, and other serious accidents. Therefore, how to avoid rub and 
how to reduce the harm caused by rubs become an important problem in rotor dynamics. With the 
fast development of society and economy, there is a higher demand of improvement in speed, 
capacity, efficiency and safety reliability in the rotating machinery, such as great power turbo-
generator units, shipboard steam turbines, high speed centrifugal compressors, aeroengine and 
high precision machine. Under some operating conditions, the nonlinear gas exciting force of 
labyrinth seals in the small gap can cause rotating machines to exhibit whirl-whip instability. 
Particular, the gas exciting force in ultra supercritical steam turbine unit shows significant 
influence on the system stability and sometimes can cause disastrous consequences [1]. 
Up to now, lots of researches have been done. However, the experimental research of gas 
exciting vibration in steam turbines is hard to proceed. Many researchers have designed the 
rotor-seal rigs to test the gas exciting force using the similarity theory [2-3]. However, the test 
accuracy is seriously affected by the testing conditions. In these years, computational fluid 
dynamics (CFD) and the computer technology have been developed. Recently, many researchers 
started to use the CFD method to simulate the gas exciting force of the labyrinth seals, and have 
obtained better results of the dynamic characteristics [4-5]. On the other hand, in 1965, Alford [6] 
first derived the formula of the gas exciting force when he researched on the stability of aeroengine. 
Ding and Zhang [7] applied both standard Galerkin method (SGM) and nonlinear Galerkin method 
(NGM) to numerically investigate the lateral vibration of a continuous rotor system with actions 
of oil-film force and seal fluid force. Improvement of the NGM procedure over the SGM 
procedure is discussed and the dynamics of nonlinear rotor system is revealed. Chen et al. [8] 
utilized the incremental harmonic balance method to obtain the solutions of a rotor-seal system, 
where the complicated nonlinearities are handled by the expansion method. Periodic, 
double-periodic and triple-periodic solutions are obtained in excellent agreement with numerical 
results, which shows the validity and efficacy of the proposed solution procedures. 
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Li et al. [9] used the Runge–Kutta method to solve the motion equation of the 
rotor/seal/bearing system. The dynamic characteristics of the rotor/bearing/seal system were 
analyzed with bifurcation diagrams, time-history diagrams, trajectory diagrams, Poincare maps 
and frequency spectrums. The numerical analysis indicates that the seal force and the oil-film 
force influence the nonlinear dynamic characteristics of the rotor system. Zhang and Chen [10] 
investigated analytically and numerically the full annular rub of a typical nonlinear Jeffcott rotor. 
Averaging method is used to find the synchronous response of governing equations. 
Routh-Hurwitz criteria are employed to analyze the stability of synchronous full annular rub 
solution and determine the boundaries of static and Hopf bifurcations. Finally, the response and 
onset condition of reverse dry whip are investigated numerically and at the same time, the 
influences of rotor parameters and rotation speed on the characteristics of the rotor response are 
investigated. Cheng et al. [11] investigated the non-linear dynamic behaviors of a 
rotor-bearing-seal coupled system by using Muszynska’s non-linear seal fluid dynamic force 
model and non-linear oil film force, and the result from the numerical analysis is in agreement 
with the one from the experiment. The bifurcation of the coupled system is analyzed under 
different operating conditions. Ding et al. [12] studied Hopf bifurcation and the self-excited 
vibration with parametric excitation of a single span rotor-seal system, applying the central 
manifold theorem and normal formal form theory. The results showed that non-synchronized whirl 
of the imbalanced rotor can either be a quasi-periodic motion resulting from the Hopf bifurcation 
or a half-frequency whirl from the period doubling bifurcation. Li and Chen [13] investigated the 
1:2 sub-harmonic resonance of the labyrinth seals-rotor system, where the low-frequency 
vibration of steam turbines can be caused by the gas exciting force. The empirical parameters of 
gas exciting force of the Muszynska model are obtained by using the results of computational fluid 
dynamics (CFD). 
Sayed and Mousa [14] investigated the influence of the quadratic and cubic terms on non-linear 
dynamic characteristics of the angle-ply composite laminated rectangular plate with parametric 
and external excitations. The method of multiple time scale perturbation is applied to solve the 
non-linear differential equations describing the system up to and including the second-order 
approximation. Two cases of the sub-harmonic resonances cases in the presence of 1:2 internal 
resonance are considered. The stability of the system is investigated using both frequency response 
equations and phase-plane method. It is quite clear that some of the simultaneous resonance cases 
are undesirable in the design of such system as they represent some of the worst behavior of the 
system. Such cases should be avoided as working conditions for the system. Eissa and Sayed 
[15-17] and Sayed [18] studied the effects of different active controllers on simple and spring 
pendulum at the primary resonance via negative velocity feedback or its square or cubic. Amer 
et al. [19] studied the dynamical system of a twin-tail aircraft, which is described by two coupled 
second order nonlinear differential equations having both quadratic and cubic nonlinearities, 
solved and controlled. The system is subjected to both multi-parametric and multi-external 
excitations. The method of multiple time scale perturbation is applied to solve the nonlinear 
differential equations up to the two order approximations. The stability of the system is 
investigated applying both frequency response equations and phase plane method. Two simple 
active control laws based on the linear negative velocity and acceleration feedback are used. Sayed 
and Hamed [20] studied the response of a two-degree-of-freedom system with quadratic coupling 
under parametric and harmonic excitations. The method of multiple scale perturbation technique 
is applied to solve the non-linear differential equations and obtain approximate solutions up to and 
including the second-order approximations. 
Hamed et al. [21-23] studied USM model subject to multi-external or both multi-external and 
multi-parametric and both multi-external and tuned excitation forces. The model consists of 
multi-degree-of-freedom system consisting of the tool holder and absorbers (tools) simulating 
ultrasonic machining process. The advantages of using multi-tools are to machine different 
materials and different shapes at the same time. This leads to time saving and higher machining 
efficiency. Hamed et al. [24] presented the behavior of the nonlinear string beam coupled system 
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subjected to external, parametric and tuned excitations for case 1:1 internal resonance. The 
stability of the system studied using frequency response equations and phase-plane method. It is 
found from numerical simulations that there are obvious jumping phenomena in the frequency 
response curves. Sayed and Kamel [25, 26] investigated the effect of different controllers on the 
vibrating system and the saturation control of a linear absorber to reduce vibrations due to rotor 
blade flapping motion. The stability of the obtained numerical solution is investigated using both 
phase plane methods and frequency response equations. Sayed et al. [27] investigated the 
non-linear dynamics of a two-degree-of freedom vibration system including quadratic and cubic 
non-linearities subjected to external and parametric excitation forces. There exist multi-valued 
solutions which increase or decrease by the variation of some parameters. The numerical 
simulations show the system exhibits periodic motions and chaotic motions. Sayed and Mousa 
[28] studied an analytical investigation of the nonlinear vibration of a symmetric cross-ply 
composite laminated piezoelectric rectangular plate under parametric and external excitations. 
Their study focused on the case of 1:1:3 primary resonance and internal resonance, and they 
verified the analytical results calculated by the method of multiple time scale by comparing them 
with the numerical results of the modal equations. The obtained results were verified by comparing 
the results of the finite difference method (FDM) and Runge-Kutta (RKM) method. When plotting 
the solutions to some nonlinear problems, the phase space can become overcrowded and the 
underlying structure may become obscured. To overcome these difficulties, a basic tool of 
Poincaré maps was proposed by Henri Poincaré [29] at the end of the nineteenth century. 
2. Model of rotor-seal system 
Assume that such an anisotropic rotor mounts at both rigid ends and rotates in the gas seals, 
and its rotation causes gas rotation and subsequently generates the gas exciting force. Suppose 
that the external force has a rotating character with synchronous frequencies due to the rotor 
unbalance. The mathematical model of the rotor-seal system in the stationary reference 
coordinates (ݔ, ݕ) as shown in Fig. 1 can be deduced as [13]: 
ቀܯ +݉ 00 ܯ +݉ቁ൬
ݔሷ
ݕሷ൰ + ൬
ܦ௫௘ + ܦ 2݉ߣΩ
−2݉ߣߗ ܦ௬௘ + ܦ൰ ൬
ݔሶ
ݕሶ൰ 
						+ ቆܭ௫௘ + ܭ −݉ߣ
ଶΩଶ ߣΩܦ
−ߣߗܦ ܭ௬௘ + ܭ −݉ߣଶΩଶ
ቇ ቀݔݕቁ = ൬
ߩ cos(Ωݐ)
ܩ + ߩ sin(Ωݐ)൰,
(1)
where ܯ is the rotor mass, ݉ is the gas inertia effects, ܭ௫௘, ܭ௬௘, ܦ௫௘, ܦ௬௘ are the stiffness and 
external damping on the ݔ and ݕ directions respectively and ܩ is the gravitation effects of the 
rotor, ߩ is the amplitude of the excitation force. 
a) 
 
b) 
Fig. 1. Model of rotor-seal system 
1488. STABILITY ANALYSIS AND RESPONSE OF NONLINEAR ROTOR-SEAL SYSTEM.  
M. SAYED, Y. S. HAMED 
 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. DEC 2014, VOLUME 16, ISSUE 8. ISSN 1392-8716 4155 
3. Mathematical analysis 
The motion equation of a rotor-seal system (1) can be obtained by: 
ݔሷ + ߱ଵଶݔ = ௫݂(ݔ, ݕ, ݔሶ , ݕሶ ) + ߩcos(Ωݐ), (2a)
ݕሷ + ߱ଶଶݕ = ௬݂(ݔ, ݕ, ݔሶ , ݕሶ ) + ߩsin(Ωݐ), (2b)
with initial condition ݔ(0) = ݔሶ(0) = ݕ(0) = ݕሶ(0) = 0. Where ݔ and ݕ are the displacements of 
the shaft center, ߱ଵ and ߱ଶ the linear natural frequencies in ݔ, ݕ directions, and Ω the angular 
speed of the rotor, ߩ is the amplitude of the excitation force, ௫݂(ݔ, ݕ, ݔሶ , ݕሶ ) and ௬݂(ݔ, ݕ, ݔሶ , ݕሶ ) are 
power series function of the nonlinear force on ݔ and ݕ directions given by: 
௫݂(ݔ, ݕ, ݔሶ , ݕሶ ) = ߙଵݔ + ߙଶݔሶ + ߙଷݕ + ߙସݕሶ + ߙହݔଶ + ߙ଺ݕଶ + ߙ଻ݔݔሶ + ߙ଼ݔݕ + ߙଽݔݕሶ  
							+ߙଵ଴ݔሶݕ + ߙଵଵݕݕሶ + ߙଵଶݔଷ + ߙଵଷݕଷ + ߙଵସݔଶݔሶ + ߙଵହݔଶݕ + ߙଵ଺ݔଶݕሶ + ߙଵ଻ݔݕଶ 
							+ߙଵ଼ݕଶݔሶ + ߙଵଽݕଶݕሶ + ߙଶ଴ݔݕݔሶ + ߙଶଵݔݕݕሶ ,
௬݂(ݔ, ݕ, ݔሶ , ݕሶ ) = ߚଵݔ + ߚଶݔሶ + ߚଷݕ + ߚସݕሶ + ߚହݔଶ + ߚ଺ݕଶ + ߚ଻ݔݔሶ + ߚ଼ݔݕ + ߚଽݔݕሶ  
							+ߚଵ଴ݔሶݕ + ߚଵଵݕݕሶ + ߚଵଶݔଷ + ߚଵଷݕଷ + ߚଵସݔଶݔሶ + ߚଵହݔଶݕ + ߚଵ଺ݔଶݕሶ + ߚଵ଻ݔݕଶ 
							+ߚଵ଼ݕଶݔሶ + ߚଵଽݕଶݕሶ + ߚଶ଴ݔݕݔሶ + ߚଶଵݔݕݕሶ . 
All coefficient of ߙ௜, ߚ௜ are defined in [13]. The linear, non-linear coefficients and excitation 
amplitude are assumed to be: 
ߙ௡ = ߝ ߙො௡,			ߚ௡ = ߝ ߚመ௡ , ߩ = ߝ ߩො, ݊ = 1, 2, . . . ,21, (3)
where ߝ is a small perturbation parameter and 0 < ߝ << 1. 
To consider the influence of the quadratic and cubic terms on non-linear dynamic 
characteristics of the non-linear rotor-seal system, we need to obtain the second-order approximate 
solution of Eqs. (2). We determine a second-order approximation for the system response by the 
method of multiple scales [30-31], which is a powerful tool in determining periodic solutions of 
small amplitude. For the second-order approximation, introducing three time scales: 
௡ܶ = ߝ௡ݐ,			݊ = 0, 1, 2. (4)
We seek an asymptotic solution of Eqs. (2) for ݔ and ݕ in the form of: 
ݔ(ݐ, ߝ) = ݔ଴( ଴ܶ,  ଵܶ,  ଶܶ) + ߝ ݔଵ( ଴ܶ, ଵܶ, ଶܶ) + ߝଶ ݔଶ( ଴ܶ, ଵܶ, ଶܶ) + ܱ(ߝଷ), (5)
ݕ(ݐ, ߝ) =  ݕ଴( ଴ܶ,  ଵܶ,  ଶܶ) + ߝ ݕଵ( ଴ܶ, ଵܶ, ଶܶ) + ߝଶ ݕଶ( ଴ܶ, ଵܶ, ଶܶ) + ܱ(ߝଷ). (6)
Derivatives with respect to ݐ are then transformed into: 
݀
݀ݐ =
߲
߲ ଴ܶ
߲ ଴ܶ
߲ݐ +
߲
߲ ଵܶ
߲ ଵܶ
߲ݐ +
߲
߲ ଶܶ
߲ ଶܶ
߲ݐ = ܦ଴ + ߝܦଵ + ߝ
ଶ ܦଶ , (7)
݀ଶ
݀ݐଶ = ܦ଴
ଶ + 2ߝܦ଴ ܦଵ + ߝଶ(ܦଵଶ + 2ܦ଴ܦଶ) , (8)
where ܦ௡ = ߲ ߲ ௡ܶ⁄ , ݊ = 0, 1, 2. Terms of ܱ(ߝଷ) and higher orders are neglected. Substituting 
Eqs. (5)-(6) and (7)-(8) into Eqs. (2) and equating the coefficients of similar powers of ߝ, one 
obtains the following set of ordinary differential equations: 
Order ߝ଴: 
(ܦ଴ଶ + ߱ଵଶ) ݔ଴ = 0,	 (9)
(ܦ଴ଶ + ߱ଶଶ) ݕ଴ = 0.	 (10)
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Order ߝଵ: 
(ܦ଴ଶ + ߱ଵଶ) ݔଵ = −2ܦ଴ܦଵݔ଴ + ߙොଵݔ଴ + ߙොଶܦ଴ݔ଴ + ߙොଷݕ଴ + ߙොସܦ଴ݕ଴ + ߙොହݔ଴ଶ + ߙො଺ݕ଴ଶ 
							+ߙො଻ݔ଴ܦ଴ݔ଴ + ߙො଼ݔ଴ݕ଴ + ߙොଽݔ଴ܦ଴ݕ଴ + ߙොଵ଴ݕ଴ܦ଴ݔ଴ + ߙොଵଵݕ଴ܦ଴ݕ଴ + ߙොଵଶݔ଴ଷ + ߙොଵଷݕ଴ଷ 
							+ߙොଵସݔ଴ଶܦ଴ݔ଴ + ߙොଵହݔ଴ଶݕ଴ + ߙොଵ଺ݔ଴ଶܦ଴ݕ଴ + ߙොଵ଻ݔ଴ݕ଴ଶ + ߙොଵ଼ݕ଴ଶܦ଴ݔ଴ + ߙොଵଽݕ଴ଶܦ଴ݕ଴ 
							+ߙොଶ଴ݔ଴ݕ଴ܦ଴ݔ଴ + ߙොଶଵݔ଴ݕ଴ܦ଴ݕ଴ + ߩොcos(Ωݐ),
(11)
(ܦ଴ଶ + ߱ଶଶ) ݕଵ = −2ܦ଴ܦଵݕ଴ + ߚመଵݔ଴ + ߚመଶܦ଴ݔ଴ + ߚመଷݕ଴ + ߚመସܦ଴ݕ଴ + ߚመହݔ଴ଶ + ߚመ଺ݕ଴ଶ 
							+ߚመ଻ݔ଴ܦ଴ݔ଴ + ߚመ଼ݔ଴ݕ଴ + ߚመଽݔ଴ܦ଴ݕ଴ + ߚመଵ଴ݕ଴ܦ଴ݔ଴ + ߚመଵଵݕ଴ܦ଴ݕ଴ + ߚመଵଶݔ଴ଷ + ߚመଵଷݕ଴ଷ 
							+ߚመଵସݔ଴ଶܦ଴ݔ଴ + ߚመଵହݔ଴ଶݕ଴ + ߚመଵ଺ݔ଴ଶܦ଴ݕ଴ + ߚመଵ଻ݔ଴ݕ଴ଶ + ߚመଵ଼ݕ଴ଶܦ଴ݔ଴ + ߚመଵଽݕ଴ଶܦ଴ݕ଴ 
							+ߚመଶ଴ݔ଴ݕ଴ܦ଴ݔ଴ + ߚመଶଵݔ଴ݕ଴ܦ଴ݕ଴ + ߩොsin(Ωݐ).
(12)
Order ߝଶ: 
(ܦ଴ଶ + ߱ଵଶ) ݔଶ = −ܦଵଶݔଵ − 2ܦ଴ܦଶݔ଴ − 2ܦ଴ܦଵݔଵ + ߙොଵݔଵ + ߙොଶ(ܦ଴ݔଵ + ܦଵݔ଴) + ߙොଷݕଵ 
							+ߙොସ(ܦ଴ݕଵ + ܦଵݕ଴) + 2ߙොହݔ଴ݔଵ + 2ߙො଺ݕ଴ݕଵ + ߙො଻ݔଵܦ଴ݔ଴ + ߙො଻ݔ଴(ܦ଴ݔଵ + ܦଵݔ଴) 
							+ߙො଼(ݔ଴ݕଵ + ݔଵݕ଴) + ߙොଽݔଵܦ଴ݕ଴ + ߙොଽݔ଴(ܦ଴ݕଵ + ܦଵݕ଴) + ߙොଵ଴ݕଵܦ଴ݔ଴ 
							+ߙොଵ଴ݕ଴(ܦ଴ݔଵ + ܦଵݔ଴) + ߙොଵଵݕଵܦ଴ݕ଴ + ߙොଵଵݕ଴(ܦ଴ݕଵ + ܦଵݕ଴) + 3ߙොଵଶݔ଴ଶݔଵ 
							+3ߙොଵଷݕ଴ଶݕଵ + 2ߙොଵସݔ଴ݔଵܦ଴ݔ଴ + ߙොଵସݔ଴ଶ(ܦ଴ݔଵ + ܦଵݔ଴) + ߙොଵହݔ଴ଶݕଵ + 2ߙොଵହݔ଴ݕ଴ݔଵ 
							+2ߙොଵ଺ݔ଴ݔଵܦ଴ݕ଴ + ߙොଵ଺ݔ଴ଶ(ܦ଴ݕଵ + ܦଵݕ଴) + 2ߙොଵ଻ݕ଴ݕଵݔ଴ + ߙොଵ଻ݕ଴ଶݔଵ + 2ߙොଵ଼ݕ଴ݕଵܦ଴ݔ଴ 
							+ߙොଵ଼ݕ଴ଶ(ܦ଴ݔଵ + ܦଵݔ଴) + ߙොଵଽݕ଴ଶ(ܦ଴ݕଵ + ܦଵݕ଴) + 2ߙොଵଽݕ଴ݕଵܦ଴ݕ଴ 
							+ߙොଶ଴ݔ଴ݕ଴(ܦ଴ݔଵ + ܦଵݔ଴) + (ߙොଶ଴ݔ଴ݕଵ + ߙොଶ଴ݔଵݕ଴)ܦ଴ݔ଴ + ߙොଶଵݔ଴ݕ଴(ܦ଴ݕଵ + ܦଵݕ଴) 
							+(ߙොଶଵݔ଴ݕଵ + ߙොଶଵݔଵݕ଴)ܦ଴ݕ଴,
(13)
(ܦ଴ଶ + ߱ଶଶ) ݕଶ = −ܦଵଶݕଵ − 2ܦ଴ܦଶݕ଴ − 2ܦ଴ܦଵݕଵ + ߚመଵݔଵ + ߚመଶ(ܦ଴ݔଵ + ܦଵݔ଴) + ߚመଷݕଵ 
							+ߚመସ(ܦ଴ݕଵ + ܦଵݕ଴) + 2ߚመହݔ଴ݔଵ + 2ߚመ଺ݕ଴ݕଵ + ߚመ଻ݔଵܦ଴ݔ଴ + ߚመ଻ݔ଴(ܦ଴ݔଵ + ܦଵݔ଴) 
							+ߚመ଼(ݔ଴ݕଵ + ݔଵݕ଴) + ߚመଽݔଵܦ଴ݕ଴ + ߚመଽݔ଴(ܦ଴ݕଵ + ܦଵݕ଴) + ߚመଵ଴ݕଵܦ଴ݔ଴ 
							+ߚመଵ଴ݕ଴(ܦ଴ݔଵ + ܦଵݔ଴) + ߚመଵଵݕଵܦ଴ݕ଴ + ߚመଵଵݕ଴(ܦ଴ݕଵ + ܦଵݕ଴) + 3ߚመଵଶݔ଴ଶݔଵ 
							+3ߚመଵଷݕ଴ଶݕଵ + 2ߚመଵସݔ଴ݔଵܦ଴ݔ଴ + ߚመଵସݔ଴ଶ(ܦ଴ݔଵ + ܦଵݔ଴) + ߚመଵହݔ଴ଶݕଵ + 2ߚመଵହݔ଴ݕ଴ݔଵ 
							+2ߚመଵ଺ݔ଴ݔଵܦ଴ݕ଴ + ߚመଵ଺ݔ଴ଶ(ܦ଴ݕଵ + ܦଵݕ଴) + 2ߚመଵ଻ݕ଴ݕଵݔ଴ + ߚመଵ଻ݕ଴ଶݔଵ + 2ߚመଵ଼ݕ଴ݕଵܦ଴ݔ଴ 
							+ߚመଵ଼ݕ଴ଶ(ܦ଴ݔଵ + ܦଵݔ଴) + ߚመଵଽݕ଴ଶ(ܦ଴ݕଵ + ܦଵݕ଴) + 2ߚመଵଽݕ଴ݕଵܦ଴ݕ଴ 
							+ߚመଶ଴ݔ଴ݕ଴(ܦ଴ݔଵ + ܦଵݔ଴) + ൫ߚመଶ଴ݔ଴ݕଵ + ߚመଶ଴ݔଵݕ଴൯ܦ଴ݔ଴ + ߚመଶଵݔ଴ݕ଴(ܦ଴ݕଵ + ܦଵݕ଴) 
							+൫ߚመଶଵݔ଴ݕଵ + ߚመଶଵݔଵݕ଴൯ܦ଴ݕ଴.
(14)
The general solutions of Eqs. (9)-(10), can be written in the form: 
ݔ଴ = ܣଵ(  ଵܶ,  ଶܶ) exp(݅߱ଵ ଴ܶ) + ܿܿ, (15)
ݕ଴ = ܣଶ(  ଵܶ,  ଶܶ) exp(݅߱ଶ ଴ܶ) + ܿܿ, (16)
where ܣଵ and ܣଶ are a complex function in ଵܶ, ଶܶ and ܿܿ indicates the complex conjugates of the 
preceding terms. Substituting Eqs. (15)-(16) into Eqs. (11)-(12) and after eliminating the secular 
terms, the non-homogeneous solutions of Eqs. (11)-(12) are: 
 ݔଵ = ܧଵexp (2݅߱ଵ  ଴ܶ) + ܧଶexp (3݅߱ଵ ଴ܶ) + ܧଷexp (݅߱ଶ ଴ܶ) + ܧସexp (2݅߱ଶ ଴ܶ) 
						+ܧହexp (3݅߱ଶ  ଴ܶ) + ܧ଺exp (݅(߱ଵ ± ߱ଶ) ଴ܶ) + ܧ଻exp (݅(߱ଵ ± 2߱ଶ) ଴ܶ) 
						+ܧ଼exp (݅(2߱ଵ ± ߱ଶ) ଴ܶ) + ܧଽexp(݅ߗ ଴ܶ) + ܧଵ଴ + ܿܿ,
(17)
 ݕଵ = ܧଵଵexp (݅߱ଵ  ଴ܶ) + ܧଵଶexp (2݅߱ଵ ଴ܶ) + ܧଵଷexp (3݅߱ଵ ଴ܶ) + ܧଵସexp (2݅߱ଶ ଴ܶ) 
						+ܧଵହexp (3݅߱ଶ  ଴ܶ) + ܧଵ଺exp (݅(߱ଵ ± ߱ଶ) ଴ܶ) + ܧଵ଻exp (݅(߱ଵ ± 2߱ଶ) ଴ܶ) 
						+ܧଵ଼exp (݅(2߱ଵ ± ߱ଶ) ଴ܶ) + ܧଵଽexp(݅ߗ ଴ܶ) + ܧଶ଴ + ܿܿ,
(18)
where ܧ௜  (݅ = 1, 2, ...,	20) are complex functions in ଵܶ  and ଶܶ . Substituting Eqs. (15)-(18) into 
Eqs. (13)-(14) and after eliminating the secular terms, the non-homogeneous solutions of 
Eqs. (13)-(14) are: 
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 ݔଶ = ܪଵexp (2݅߱ଵ  ଴ܶ) + ܪଶexp (3݅߱ଵ ଴ܶ) + ܪଷexp (4݅߱ଵ ଴ܶ) + ܪସexp (5݅߱ଵ ଴ܶ)	 
						+ܪହexp (݅߱ଶ  ଴ܶ) + ܪ଺exp (2݅߱ଶ ଴ܶ) + ܪ଻exp (3݅߱ଶ ଴ܶ) + ܪ଼exp (4݅߱ଶ ଴ܶ) 
						+ܪଽexp (5݅߱ଶ  ଴ܶ) + ܪଵ଴exp (݅(߱ଵ ± ߱ଶ) ଴ܶ) + ܪଵଵexp (݅(߱ଵ ± 2߱ଶ) ଴ܶ) 
						+ܪଵଶexp (݅(2߱ଵ ± ߱ଶ) ଴ܶ) + ܪଵଷexp (݅(2߱ଵ ± 2߱ଶ) ଴ܶ) + ܪଵସexp (݅(߱ଵ ± 3߱ଶ) ଴ܶ) 
						+ܪଵହexp (݅(߱ଵ ± 4߱ଶ) ଴ܶ) + ܪଵ଺exp (݅(2߱ଵ ± 3߱ଶ) ଴ܶ) + ܪଵ଻exp (݅(3߱ଵ ± 2߱ଶ) ଴ܶ) 
						+ܪଵ଼exp (݅(3߱ଵ ± ߱ଶ) ଴ܶ) + ܪଵଽexp (݅(4߱ଵ ± ߱ଶ) ଴ܶ) + ܪଶ଴exp(݅Ω ଴ܶ) 
						+ܪଶଵexp(2݅Ω ଴ܶ) + ܪଶଶexp(3݅Ω ଴ܶ) + ܪଶଷexp(4݅Ω ଴ܶ) + ܪଶସexp(5݅Ω ଴ܶ) 
						+ܪଶହexp (݅(߱ଵ ± Ω) ଴ܶ) + ܪଶ଺exp (݅(2߱ଵ ± Ω) ଴ܶ) + ܪଶ଻exp (݅(߱ଵ ± 2Ω) ଴ܶ) 
						+ܪଶ଼exp (݅(߱ଵ ± 3Ω) ଴ܶ) + ܪଶଽexp (݅(߱ଵ ± 4Ω) ଴ܶ) + ܪଷ଴exp (݅(2߱ଵ ± 2Ω) ଴ܶ) 
						+ܪଷଵexp (݅(2߱ଵ ± 3Ω) ଴ܶ) + ܪଷଶexp (݅(3߱ଵ ± Ω) ଴ܶ) + ܪଷଷexp (݅(3߱ଵ ± 2Ω) ଴ܶ) 
						+ܪଷସexp (݅(4߱ଵ ± Ω) ଴ܶ) + ܪଷହexp (݅(߱ଶ ± Ω) ଴ܶ) + ܪଷ଺exp (݅(2߱ଶ ± Ω) ଴ܶ) 
						+ܪଷ଻exp (݅(߱ଶ ± 2Ω) ଴ܶ) + ܪଷ଼exp (݅(2߱ଶ ± 2Ω) ଴ܶ) + ܪଷଽexp (݅(2߱ଶ ± 3Ω) ଴ܶ) 
						+ܪସ଴exp (݅(߱ଶ ± 3Ω) ଴ܶ) + ܪସଵexp (݅(߱ଶ ± 4Ω) ଴ܶ) + ܪସଶexp (݅(3߱ଶ ± 2Ω) ଴ܶ) 
						+ܪସଷexp (݅(3߱ଶ ± Ω) ଴ܶ) + ܪସସexp (݅(4߱ଶ ± Ω) ଴ܶ) + ܪସହexp (݅(2߱ଵ ± ߱ଶ ± Ω) ଴ܶ) 
						+ܪସ଺exp (݅(߱ଵ ± ߱ଶ ± Ω) ଴ܶ) + ܪସ଻exp (݅(߱ଵ ± ߱ଶ ± 2Ω) ଴ܶ) 
						+ܪସ଼exp (݅(3߱ଵ ± ߱ଶ ± Ω) ଴ܶ) + ܪସଽexp (݅(߱ଵ ± 3߱ଶ ± Ω) ଴ܶ) 
						+ܪହ଴exp (݅(߱ଵ ± ߱ଶ ± 3Ω) ଴ܶ)Ω) ଴ܶ) + ܪହଵexp (݅(2߱ଵ ± 2߱ଶ ± Ω) ଴ܶ) 
						+ܪହଶexp (݅(2߱ଵ ± ߱ଶ ± 2Ω) ଴ܶ) + ܪହଷexp (݅(߱ଵ ± 2߱ଶ ± 2Ω) ଴ܶ) + ܪହସ + ܿܿ,	
(19)
 ݕଶ  = ܩଵexp (݅߱ଵ  ଴ܶ) + ܩଶexp (2݅߱ଵ ଴ܶ) + ܩଷexp (3݅߱ଵ ଴ܶ) + ܩସexp (4݅߱ଵ ଴ܶ) 
						+ܩହexp (5݅߱ଵ  ଴ܶ) + ܩ଺exp (2݅߱ଶ ଴ܶ) + ܩ଻exp (3݅߱ଶ ଴ܶ) + ܩ଼exp (4݅߱ଶ ଴ܶ) 
						+ܩଽexp (5݅߱ଶ  ଴ܶ) + ܩଵ଴exp (݅(߱ଵ ± ߱ଶ) ଴ܶ) + ܩଵଵexp (݅(߱ଵ ± 2߱ଶ) ଴ܶ) 
						+ܩଵଶexp (݅(2߱ଵ ± ߱ଶ) ଴ܶ) + ܩଵଷexp (݅(2߱ଵ ± 2߱ଶ) ଴ܶ) + ܩଵସexp (݅(߱ଵ ± 3߱ଶ) ଴ܶ) 
						+ܩଵହexp (݅(߱ଵ ± 4߱ଶ) ଴ܶ) + ܩଵ଺exp (݅(2߱ଵ ± 3߱ଶ) ଴ܶ) + ܩଵ଻exp (݅(3߱ଵ ± 2߱ଶ) ଴ܶ) 
						+ܩଵ଼exp (݅(3߱ଵ ± ߱ଶ) ଴ܶ) + ܩଵଽexp (݅(4߱ଵ ± ߱ଶ) ଴ܶ) + ܩଶ଴exp(݅Ω ଴ܶ) 
						+ܩଶଵexp(2݅Ω ଴ܶ) 	+ ܩଶଶexp(3݅Ω ଴ܶ) + ܩଶଷexp(4݅Ω ଴ܶ) + ܩଶସexp(5݅Ω ଴ܶ) 
						+ܩଶହexp (݅(߱ଵ ± Ω) ଴ܶ) + ܩଶ଺exp (݅(2߱ଵ ± Ω) ଴ܶ) + ܩଶ଻exp (݅(߱ଵ ± 2Ω) ଴ܶ) 
						+ܩଶ଼exp (݅(߱ଵ ± 3Ω) ଴ܶ) + ܩଶଽexp (݅(߱ଵ ± 4Ω) ଴ܶ) + ܩଷ଴exp (݅(2߱ଵ ± 2Ω) ଴ܶ) 
						+ܩଷଵexp (݅(2߱ଵ ± 3Ω) ଴ܶ) + ܩଷଶexp (݅(3߱ଵ ± Ω) ଴ܶ) + ܩଷଷexp (݅(3߱ଵ ± 2Ω) ଴ܶ) 
						+ܩଷସexp (݅(4߱ଵ ± Ω) ଴ܶ) + ܩଷହexp (݅(߱ଶ ± Ω) ଴ܶ) + ܩଷ଺exp (݅(2߱ଶ ± Ω) ଴ܶ) 
						+ܩଷ଻exp (݅(߱ଶ ± 2Ω) ଴ܶ) + ܩଷ଼exp (݅(2߱ଶ ± 2Ω) ଴ܶ) + ܩଷଽexp (݅(2߱ଶ ± 3Ω) ଴ܶ) 
						+ܩସ଴exp (݅(߱ଶ ± 3Ω) ଴ܶ) + ܩସଵexp (݅(߱ଶ ± 4Ω) ଴ܶ) + ܩସଶexp (݅(3߱ଶ ± 2Ω) ଴ܶ) 
						+ܩସଷexp (݅(3߱ଶ ± Ω) ଴ܶ) + ܩସସexp (݅(4߱ଶ ± Ω) ଴ܶ) + ܩସହexp (݅(2߱ଵ ± ߱ଶ ± Ω) ଴ܶ) 
						+ܩସ଺exp (݅(߱ଵ ± ߱ଶ ± Ω) ଴ܶ) + ܩସ଻exp (݅(߱ଵ ± ߱ଶ ± 2Ω) ଴ܶ) 
						+ܩସ଼exp (݅(3߱ଵ ± ߱ଶ ± Ω) ଴ܶ) + ܩସଽexp (݅(߱ଵ ± 3߱ଶ ± Ω) ଴ܶ) 
						+ܩହ଴exp (݅(߱ଵ ± ߱ଶ ± 3Ω) ଴ܶ)Ω) ଴ܶ) + ܩହଵexp (݅(2߱ଵ ± 2߱ଶ ± Ω) ଴ܶ) 
						+ܩହଶexp (݅(2߱ଵ ± ߱ଶ ± 2Ω) ଴ܶ) + ܩହଷexp (݅(߱ଵ ± 2߱ଶ ± 2Ω) ଴ܶ) + ܩହସ + ܿܿ,	
(20)
where ܪ௜ , ܩ௜  ( ݅ = 1, 2, ...,	54) are complex functions in ଵܶ  and ଶܶ . From the above derived 
solutions, the reported resonance cases are: 
• Primary resonance:	Ω ≅ ߱௡, ݊ = 1, 2. 
• Sub-harmonic resonance: Ω ≅ ݇߱௡, ݇ =	2, 3, 4, 5 and ݊ = 1, 2. 
• Super-harmonic resonance: ݇Ω ≅ ߱௡, 3Ω ≅ 2߱௡, 2Ω ≅ 3߱௡, ݇ =	2, 3, 4, 5 and ݊ = 1, 2.  
Internal or secondary resonance: ߱ଵ ≅ ݏ ߱ଶ, ߱ଶ ≅ ݏ ߱ଵ, 2߱ଵ ≅ 3 ߱ଶ, 3߱ଵ ≅ 2 ߱ଶݏ =	2, 3, 4, 
5. 
• Combined resonance: ߱ଵ ≅ ±݉ ߱ଶ ± Ω,  ߱ଵ ≅ ± ߱ଶ ± ݎ Ω,  ߱ଵ ≅ ±2߱ଶ ± 2Ω,  
߱ଵ ≅ ±2߱ଶ ± 3Ω,  	߱ଵ ≅ ±3߱ଶ ± 2Ω,  2߱ଵ ≅ ±ݍ ߱ଶ ± Ω,  2߱ଵ ≅ ± ߱ଶ ± ݌ Ω,  
3߱ଵ ≅ ± ݊ ߱ଶ ±  Ω,  3߱ଵ ≅ ±  ߱ଶ ± 2 Ω,  4߱ଵ ≅ ± ߱ଶ ±  Ω,  ݉ =	 1, 2, 3, 4, ݎ = 2, 3, 4,  
ݍ =	1, 2, 3, ݌ =	2, 3, ݊ = 1, 2. 
• Simultaneous or incident resonance. 
Any combination of the above resonance cases is considered as simultaneous resonance. 
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4. Stability analysis 
To describe quantitatively the closeness of the resonances, we introduce the detuning 
parameters ߪଵ and ߪଶ according to: 
Ω	 = ߱ଵ + ߝߪଵ,			߱ଶ = 3߱ଵ + ߝߪଶ. (21)
Substituting Eq. (21) into Eqs. (11)-(12) and eliminating the secular and small divisor terms 
from ݔଵ and ݕଵ, we get the following: 
2݅߱ଵܦଵܣ = (ߙොଵ + ݅ߙොଶ߱ଵ)ܣ + ሾ2݅ߙොଵ଼߱ଵ + 2ߙොଵ଻ሿܤܤതܣ  
							+ሾߙොଵହ + ݅ߙොଵ଺߱ଶ − ݅ߙොଶ଴߱ଵሿ̅ܣଶ ܤ exp(݅ߪଶ ଵܶ) + ሾ3ߙොଵଶ + ݅ߙොଵସ߱ଵሿܣଶ̅ܣ +
ߩො
2 exp(݅ߪଵ ଵܶ),	
(22)
2݅߱ଶܦଵܤ = ൫ߚመଷ + ݅ߚመସ߱ଶ൯ܤ + ൣ3ߚመଵଷ + ݅ߚመଵଽ߱ଶ൧ܤଶܤത  
							+ൣ2ߚመଵହ + 2݅ߚመଵ଺߱ଶ൧ܣ̅ܣܤ + ൣߚመଵଶ + ݅ߚመଵସ߱ଵ൧ܣଷexp(−݅ߪଶ ଵܶ).
(23)
To analyze the solution of Eqs. (22)-(23), it is convenient to express the ܣ( ଵܶ) and ܤ( ଵܶ) in 
the polar form as: 
ܣ(  ଵܶ) =
1
2ܽ(  ଵܶ) ݁
൫௜ఊభ( భ்)൯, ܤ( ଵܶ) =
1
2 ܾ( ଵܶ) ݁
൫௜ఊమ( భ்)൯, (24)
where ܽ, ܾ, ߛଵ and ߛଶ are unknown real-valued functions. Inserting Eq. (24) into Eqs. (22)-(23) 
and separating real and imaginary parts, we have: 
ܽᇱ = ߙଶ2 ܽ +
ߙଵସ
8 ܽ
ଷ + ߙଵ଼4 ܽ ܾ
ଶ + ߙଵହ8߱ଵ
ܽଶܾsinߠଶ + ൬
ߙଵ଺߱ଶ − ߙଶ଴߱ଵ
8߱ଵ
൰ ܽଶܾcosߠଶ 
						+ ߩ2߱ଵ
sinߠଵ,	
(25)
ܽ ߛଵᇱ = −
ߙଵ
2߱ଵ
ܽ − 3ߙଵଶ8߱ଵ
ܽଷ − ߙଵ଻4߱ଵ
ܾܽଶ − ߙଵହ8߱ଵ
ܽଶܾcosߠଶ + ൬
ߙଵ଺߱ଶ − ߙଶ଴߱ଵ
8߱ଵ
൰ܽଶܾsinߠଶ 
						− ߩ2߱ଵ
cosߠଵ,	
(26)
ܾᇱ = ߚସ2 ܾ +
ߚଵଽ
8 ܾ
ଷ + ߚଵ଺4 ܽ
ଶܾ − ߚଵଶ8߱ଶ
ܽଷsinߠଶ +
ߚଵସ߱ଵ
8߱ଶ
ܽଷcosߠଶ, (27)
ܾߛଶᇱ = −
ߚଷ
2߱ଶ
ܾ − 3ߚଵଷ8߱ଶ
ܾଷ − ߚଵହ4߱ଶ
ܽଶܾ − ߚଵଶ8߱ଶ
ܽଷcosߠଶ −
ߚଵସ߱ଵ
8߱ଶ
ܽଷsinߠଶ, (28)
where: 
ߠଵ = ߪଵ  ଵܶ − ߛଵ,				ߠଶ = ߪଶ ଵܶ + ߛଶ − 3ߛଵ. (29)
Then, it follows from Eq. (29) that: 
ߛଵᇱ = ߪଵ − ߠଵᇱ ,	 (30)
ߛଶᇱ = 3ߪଵ − ߪଶ + ߠଶᇱ − 3ߠଵᇱ . (31)
The control strategy is evaluated by analyzing the steady state response of the closed-loop 
system. Setting ܽᇱ = ܾᇱ = 0 and ߠ௠ᇱ = 0 (݉ = 1, 2) into Eqs. (25)-(28) we obtained: 
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ߙଶ
2 ܽ +
ߙଵସ
8 ܽ
ଷ + ߙଵ଼4 ܽ ܾ
ଶ + ߙଵହ8߱ଵ
ܽଶܾsinߠଶ 
+൬ߙଵ଺߱ଶ − ߙଶ଴߱ଵ8߱ଵ
൰ܽଶܾcosߠଶ +
ߩ
2߱ଵ
sinߠଵ = 0,
(32)
ܽ ߪଵ +
ߙଵ
2߱ଵ
ܽ + 3ߙଵଶ8߱ଵ
ܽଷ + ߙଵ଻4߱ଵ
ܾܽଶ + ߙଵହ8߱ଵ
ܽଶܾcosߠଶ − ൬
ߙଵ଺߱ଶ − ߙଶ଴߱ଵ
8߱ଵ
൰ ܽଶܾsinߠଶ 
						+ ߩ2߱ଵ
cosߠଵ = 0,
(33)
ߚସ
2 ܾ +
ߚଵଽ
8 ܾ
ଷ + ߚଵ଺4 ܽ
ଶܾ − ߚଵଶ8߱ଶ
ܽଷsinߠଶ +
ߚଵସ߱ଵ
8߱ଶ
ܽଷcosߠଶ = 0, (34)
ܾ (3ߪଵ − ߪଶ) +
ߚଷ
2߱ଶ
ܾ + 3ߚଵଷ8߱ଶ
ܾଷ + ߚଵହ4߱ଶ
ܽଶܾ + ߚଵଶ8߱ଶ
ܽଷcosߠଶ +
ߚଵସ߱ଵ
8߱ଶ
ܽଷsinߠଶ = 0.	 (35)
Solving the resulting algebraic equations yields two possibilities for the fixed points for each 
case. 
Case 1: In this case ܽ ≠	0, ܾ =	0 and from Eqs. (32)-(35), the frequency response equation can 
be obtained in the form: 
ቀߙଶ2 ܽ +
ߙଵସ
8 ܽ
ଷቁ
ଶ
+ ൬ܽߪଵ +
ߙଵ
2߱ଵ
ܽ + 3ߙଵଶ8߱ଵ
ܽଷ൰
ଶ
− ߩ
ଶ
4 ଵ߱ଶ
= 0. (36)
Case 2: In this case ܽ, ܾ ≠	0 and from Eqs. (32)-(35), the resulting two equations are: 
ቀߙଶ2 ܽ +
ߙଵସ
8 ܽ
ଷ + ߙଵ଼4 ܽ ܾ
ଶቁ
ଶ
+ ൬ܽߪଵ +
ߙଵ
2߱ଵ
ܽ + 3ߙଵଶ8߱ଵ
ܽଷ + ߙଵ଻4߱ଵ
ܽ ܾଶ൰
ଶ
− ൬ߙଵହ8߱ଵ
ܽଶܾ൰
ଶ
 
						− ߩ
ଶ
4 ଵ߱ଶ
− ൬ߙଵ଺߱ଶ − ߙଶ଴߱ଵ8߱ଵ
൰
ଶ
ܽସܾଶ − ߙଵହ ߩ8 ଵ߱ଶ
ܽଶܾcos(ߠଶ − ߠଵ) = 0,
(37)
൬ߚସ2 ܾ +
ߚଵଽ
8 ܾ
ଷ + ߚଵ଺4 ܽ
ଶܾ൰
ଶ
+ ൬ܾ (3ߪଵ − ߪଶ) +
ߚଷ
2߱ଶ
ܾ + 3ߚଵଷ8߱ଶ
ܾଷ + ߚଵହ4߱ଶ
ܽଶܾ൰
ଶ
 
						− ൬ ߚଵଶ8߱ଶ
൰
ଶ
ܽ଺ − ൬ߚଵସ߱ଵ8߱ଶ
൰
ଶ
ܽ଺ = 0.
(38)
4.1. Non-linear solution 
 
To determine the stability of the fixed points, one lets: 
ܽ = ܽ଴ + ܽଵ,			ܾ = ܾ଴ + ܾଵ, ߠ௠ = ߠ௠଴ + ߠ௠ଵ, 	݉ = 1, 2, (39)
where ܽ଴, ܾ଴ and ߠ௠଴ are the solutions of Eqs. (32)-(35) and ܽଵ, ܾଵ, ߠ௠ଵ are perturbations which 
are assumed to be small compared to ܽ଴, ܾ଴ and ߠ௠଴. Substituting Eq. (39) into Eqs. (25)-(28), 
using Eqs. (32)-(35) and keeping only the linear terms in ܽଵ, ܾଵ, ߠ௠ଵ we obtain: 
1) For the solution (ܽ ≠	0, ܾ =	0), we have: 
ܽଵᇱ = ൬
ߙଶ
2 +
3ߙଵସ
8 ܽ଴
ଶ൰ ܽଵ + ൬
ߩ
2߱ଵ
cosߠଵ଴൰ ߠଵଵ, (40)
ߠଵଵᇱ = ൬
ߪଵ
ܽ଴
+ ߙଵ2߱ଵܽ଴
+ 9ߙଵଶ8߱ଵ
ܽ଴൰ ܽଵ − ൬
ߩ
2ܽ଴߱ଵ
sinߠଵ଴൰ ߠଵଵ. (41)
The stability of a given fixed point to a disturbance proportional to exp(ߣݐ) is determined by 
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the roots of: 
ܣ =
ۏ
ێ
ێ
ۍ ߙଶ2 +
3ߙଵସ
8 ܽ଴
ଶ         ߩ2߱ଵ
cosߠଵ଴
ߪଵ
ܽ଴
+ ߙଵ2߱ଵܽ଴
+ 9ߙଵଶܽ଴8߱ଵ
       − ߩ2ܽ଴߱ଵ
sinߠଵ଴ ے
ۑ
ۑ
ې
.	 (42)
Consequently, a non-trivial solution is stable if and only if the real parts of both eigenvalues 
of the coefficient matrix Eq. (42) are less than zero. Solid / dotted lines denote stable / unstable 
solution on the response curves, respectively. 
2) For the practical solution (ܽ, ܾ ≠	0), the following are obtained: 
ܽଵᇱ = ቆ
ߙଶ
2 +
3ߙଵସ
8 ܽ଴
ଶ + ߙଵ଼4 ܾ଴
ଶ + ߙଵହ4߱ଵ
ܽ଴ܾ଴sinߠଶ଴ +
(ߙଵ଺߱ଶ − ߙଶ଴߱ଵ)
4߱ଵ
ܽ଴ܾ଴cosߠଶ଴ቇ ܽଵ 
						+ ൬ ߩ2߱ଵ
cosߠଵ଴൰ ߠଵଵ + ቆ
ߙଵ଼
2 ܽ଴ܾ଴ +
ߙଵହ
8߱ଵ
ܽ଴ଶsinߠଶ଴ +
(ߙଵ଺߱ଶ − ߙଶ଴߱ଵ)
8߱ଵ
ܽ଴ଶcosߠଶ଴ቇ ܾଵ 
						+ ቆߙଵହ8߱ଵ
ܽ଴ଶܾ଴cosߠଶ଴ −
(ߙଵ଺߱ଶ − ߙଶ଴߱ଵ)
8߱ଵ
ܽ଴ଶܾ଴sinߠଶ଴ቇߠଶଵ,
(43)
ߠଵଵᇱ =
ۉ
ۈ
ۇ
ߪଵ
ܽ଴
+ ߙଵ2߱ଵܽ଴
+ 9ߙଵଶ8߱ଵ
ܽ଴ +
ߙଵ଻
4߱ଵܽ଴
ܾ଴ଶ +
ߙଵହ
4߱ଵ
ܾ଴cosߠଶ଴
−
(ߙଵ଺߱ଶ − ߙଶ଴߱ଵ)
4߱ଵ
ܾ଴sinߠଶ଴
ی
ۋ
ۊ  ܽଵ 
−  ൬ ߩ2ܽ଴߱ଵ
sinߠଵ଴൰ ߠଵଵ + ቆ
ߙଵ଻
2߱ଵ
ܾ଴ +
ߙଵହ
8߱ଵ
ܽ଴cosߠଶ଴ −
(ߙଵ଺߱ଶ − ߙଶ଴߱ଵ)
8߱ଵ
ܽ଴sinߠଶ଴ቇ ܾଵ 
−  ቆߙଵହ8߱ଵ
ܽ଴ܾ଴sinߠଶ଴ −
(ߙଵ଺߱ଶ − ߙଶ଴߱ଵ)
8߱ଵ
ܽ଴ܾ଴cosߠଶ଴ቇߠଶଵ,
(44)
ܾଵᇱ = ൬
ߚଵ଺
2 ܽ଴ܾ଴ −
3ߚଵଶ
8߱ଶ
ܽ଴ଶsinߠଶ଴ +
3ߚଵସ߱ଵ
8߱ଶ
ܽ଴ଶcosߠଶ଴൰ ܽଵ + ൬
ߚସ
2 +
3ߚଵଽ
8 ܾ଴
ଶ + ߚଵ଺4 ܽ଴
ଶ൰ ܾଵ 
						− ൬ ߚଵଶ8߱ଶ
ܽ଴ଷcosߠଶ଴ +
ߚଵସ߱ଵ
8߱ଶ
ܽ଴ଷsinߠଶ଴൰ ߠଶଵ,
(45)
ߠଶ଴ᇱ =
ۉ
ۈ
ۇ
3ߪଵ
ܽ଴
+ 3ߙଵ2߱ଵܽ଴
+ 27ߙଵଶ8߱ଵ
ܽ଴ +
3ߙଵ଻
4߱ଵܽ଴
ܾ଴ଶ +
3ߙଵହ
4߱ଵ
ܾ଴cosߠଶ଴
−3
(ߙଵ଺߱ଶ − ߙଶ଴߱ଵ)
4߱ଵ
ܾ଴sinߠଶ଴ −
ߚଵହ
2߱ଶ
ܽ଴ −
3ߚଵଶ
8߱ଶܾ଴
ܽ଴ଶcosߠଶ଴ −
3ߚଵସ߱ଵ
8߱ଶܾ଴
ܽ଴ଶsinߠଶ଴
ی
ۋ
ۊܽଵ 
−  ൬ 3ߩ2ܽ଴߱ଵ
sinߠଵ଴൰ ߠଵଵ +
ۉ
ۈ
ۇ
3ߙଵ଻
2߱ଵ
ܾ଴ +
3ߙଵହ
8߱ଵ
ܽ଴cosߠଶ଴ −
3(ߙଵ଺߱ଶ − ߙଶ଴߱ଵ)
8߱ଵ
ܽ଴sinߠଶ଴
+
(ߪଶ − 3ߪଵ)
ܾ଴
− ߚଷ2߱ଶܾ଴
− 9ߚଵଷ8߱ଶ
ܾ଴ −
ߚଵହ
4߱ଶܾ଴
ܽ଴ଶ
ی
ۋ
ۊܾଵ 
+
ۉ
ۈ
ۇ−
3ߙଵହ
8߱ଵ
ܽ଴ܾ଴sinߠଶ଴ +
3(ߙଵ଺߱ଶ − ߙଶ଴߱ଵ)
8߱ଵ
ܽ଴ܾ଴cosߠଶ଴
+ ߚଵଶ8߱ଶܾ଴
ܽ଴ଷsinߠଶ଴ −
ߚଵସ߱ଵ
8߱ଶܾ଴
ܽ଴ଷcosߠଶ଴
ی
ۋ
ۊߠଶଵ.
(46)
The stability of a particular fixed point with respect to perturbations proportional to exp(ߣݐ) 
depends on the real parts of the roots of the matrix. Thus, a fixed point given by Eqs. (43)-(46) is 
asymptotically stable if and only if the real parts of all roots of the matrix are negative. 
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5. Results and discussions 
The differential equation of the rotor-seal system is solved numerically using Rung-Kutta 
fourth order method and MATLAB, MAPLE packages as shown in Figs. 2-4. Fig. 2 illustrates the 
response and the phase-plane for the non-resonant rotor-seal system (basic case) where  
Ω ≠ ߱ଵ ≠ ߱ଶ  at some practical values of the equation parameters ߙଵ = 0.03,  ߙଶ = 0.0001,  
ߙଷ =	–0.05, ߙସ =	–0.2, ߙହ = 0.01, ߙ଺ = 0.02, ߙ଻ = 0.25, ߙ଼ = 0.004, ߙଽ = 0.7, ߙଵ଴ =	–0.8, 
ߙଵଵ =	 –0.2, ߙଵଶ = 0.004 , ߙଵଷ = 0.01 , ߙଵସ = 0.02 , ߙଵହ = 0.003 , ߙଵ଺ =	 –0.04, ߙଵ଻ = 0.001, 
ߙଵ଼ =	–0.5, ߙଵଽ =	–0.03, ߙଶ଴ =	–0.04, ߙଶଵ = 0.5, ߚଵ = 0.05, ߚଶ = 0.2, ߚଷ =	–0.03, ߚସ = 0.0001, 
ߚହ = 0.002, ߚ଺ = 0.01, ߚ଻ = 0.2, ߚ଼ = 0.004, ߚଽ = 0.8, ߚଵ଴ = 0.7,  ߚଵଵ =	–0.25, ߚଵଶ =	–0.01, 
ߚଵଷ =	–0.004, ߚଵସ = 0.03 , ߚଵହ =	–0.001, ߚଵ଺ = 0.5 , ߚଵ଻ =	–0.003, ߚଵ଼ = 0.04 , ߚଵଽ =	–0.02, 
ߚଶ଴ =	–0.5, ߚଶଵ = 0.04,  Ω = 3, ߱ଵ = 	2.8, ߱ଶ = 3.25, ߩ = 1. It is observed from this Fig. 2 that 
the response of the first and second modes of the rotor-seal system start with increasing amplitude 
and becomes stable respectively and the steady state amplitudes ݔ and ݕ are about 0.3 and 0.7 
respectively and the phase plane shows limit cycle, denoting that the system is free from chaos. 
Table 1 shows the results of the worst resonance conditions. 
      
 
Fig. 2. Non-resonance rotor-seal system response (basic case) 
For the simultaneous primary and internal resonance (Ω ≅ ߱ଵ and ߱ଶ ≅ 3߱ଵ) which is one of 
the worst resonance cases as shown in Fig. 3, it can be shown that for the first and second modes 
of the rotor-seal system, the steady state amplitudes are increased to about 670 % and 1140 % 
respectively of that values shown in Fig. 2. The vibration of the first mode is increased and become 
stable with tuned oscillation. Also the response of the second mode is increased and becomes stale 
with some chaotic. The phase-plane shows a multi-limit cycle for the first and second modes. 
Fig. 4 shows that the time response and phase-plane of the simultaneous primary and internal 
resonance (Ω ≅ ߱ଵ and ߱ଶ ≅ ߱ଵ) which another one of the worst resonance cases. From this 
figure we have that the amplitude of the first mode of the rotor-seal system is increased to about 
670 % while the amplitude of the second mode is increased to about 570 % of the of that values 
shown in Fig. 2. The oscillations of the first and second modes become stable, chaotic and tuned 
and the phase plane shows multi-limit cycle. 
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5.1. Effects of different parameters 
In this section, the effects of different parameters near the simultaneous primary and internal 
resonance case is investigated and studied. The frequency response equations are given by 
Eqs. (37) and (38) are solved numerically at the same values of the parameters shown in Fig. 2. In 
all figures, the solid lines stand for the stable solution and the dashed lines for the unstable solution. 
Table 1. Summary of the worst resonance cases 
Resonance cases ݔ (%) ݕ (%) Remarks 
Non-resonance case 100 % 100 % Limit cycle 
Ω ≅ ߱ଵ 700 % 620 % Multi limit cycle 
Ω ≅ ߱ଵ2  560 % 570 % Multi limit cycle 
Ω ≅ ߱ଵ3  560 % 580 % Multi limit cycle 
Ω ≅ 2߱ଵ3  600 % 570 % Multi limit cycle 
Ω ≅ 3߱ଵ2  500 % 530 % Multi limit cycle 
Ω ≅ ߱ଶ2  560 % 570 % Multi limit cycle 
Ω ≅ ߱ଶ3  560 % 580 % Multi limit cycle 
Ω ≅ 2߱ଶ3  600 % 570 % Multi limit cycle 
Ω ≅ 3߱ଶ2  500 % 500 % Multi limit cycle 
Ω ≅ ߱ଵ,  ߱ଶ ≅ ߱ଵ 670 % 570 % Multi limit cycle 
Ω ≅ ߱ଵ,  ߱ଶ ≅ 2߱ଵ 730 % 1000 % Multi limit cycle 
Ω ≅ ߱ଵ,  ߱ଶ ≅ 3߱ଵ 670 % 1140 % Multi limit cycle 
Ω ≅ ߱ଵ,  ߱ଶ ≅ 4߱ଵ 370 % 200 % Multi limit cycle 
Ω ≅ ߱ଵ,  ߱ଶ ≅ 5߱ଵ 800 % 240 % Multi limit cycle 
Ω ≅ ߱ଵ,  ߱ଶ ≅
߱ଵ
2  85 % 320 % Multi limit cycle 
Ω ≅ ߱ଵ,  ߱ଶ ≅
߱ଵ
3  400 % 530 % Multi limit cycle 
Ω ≅ ߱ଵ,  ߱ଶ ≅
߱ଵ
4  200 % 430 % Multi limit cycle 
Ω ≅ ߱ଵ,  ߱ଶ ≅
2߱ଵ
3  220 % 320 % Multi limit cycle 
Ω ≅ ߱ଶ,  ߱ଵ ≅ ߱ଶ 830 % 430 % Multi limit cycle 
Ω ≅  ߱ଶ, ߱ଵ ≅ 2߱ଶ 85 % 430 % Multi limit cycle 
Ω ≅  ߱ଶ, ߱ଵ ≅ 3߱ଶ 50 % 500 % Multi limit cycle 
Ω ≅  ߱ଶ, ߱ଵ ≅ 4߱ଶ 35 % 570 % Multi limit cycle 
Ω ≅  ߱ଶ, ߱ଵ ≅ 5߱ଶ 20 % 570 % Multi limit cycle 
Ω ≅ ߱ଶ,  ߱ଵ ≅
߱ଶ
2  720 % 930 % Multi limit cycle 
Ω ≅ ߱ଶ,  ߱ଵ ≅
2߱ଶ
3  670 % 860 % Multi limit cycle 
Ω ≅ ߱ଶ,  ߱ଵ ≅
3߱ଶ
2  100 % 530 % Multi limit cycle 
Ω ≅ 2߱ଵ,  ߱ଶ ≅ ߱ଵ 670 % 290 % Multi limit cycle 
Ω ≅ 2߱ଵ,  ߱ଶ ≅ 4߱ଵ 530 % 170 % Multi limit cycle 
Ω ≅ 3߱ଵ,  ߱ଶ ≅ ߱ଵ 430 % 290 % Multi limit cycle 
Ω ≅ 3߱ଵ,  ߱ଶ ≅ 3߱ଵ 730 % 1190 % Multi limit cycle 
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Fig. 3. Simultaneous primary and internal resonance case (Ω ≅ ߱ଵ and ߱ଶ ≅ 3߱ଵ) 
       
 
Fig. 4. Simultaneous primary combined and internal resonance case (Ω ≅ ߱ଵ and ߱ଶ ≅ ߱ଵ) 
5.1.1. Response curves of the first mode 
Fig. 5(a) shows the steady state amplitudes of the first mode against the detuning parameter 
ߪଵ at the practical case, where ܽ ≠ 0, ܾ ≠ 0. For increasing values of the nonlinear parameter ߙଵ 
and ߙଵ଻, the curves are shifted to the left and the regions of stability are increased as shown in 
Figs. 5(b) and 5(j). Fig. 5(c) shows that the steady state amplitude of the first mode is a monotonic 
decreasing function in the linear damping coefficients ߙଶ. Fig. 5(d) shows that the steady state 
amplitude of the first mode is a monotonic increasing function in the nonlinear parameter ߙଵଶ and 
the response curves are bent to the left leading to the occurrence of the jump phenomena, 
multi-valued amplitudes and the regions of stability are decreased. The steady state amplitude of 
the first mode is a monotonic increasing function in the nonlinear parameter ߙଵସ and the excitation 
amplitudes ߩ and the regions of instability are increased as shown in Figs. 5 (e) and 5(o). For 
increasing values of the nonlinear parameter ߙଵହ, ߙଵ଺ and ߙଶ଴ the steady state amplitude of the 
first mode is increased and the curves are diverged as shown in Figs. 5(f), 5(h), 5(m). For negative 
values of the nonlinear parameter ߙଵହ and ߙଵ଼, the steady state amplitude of the first mode is 
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increased and the stability regions are increased as shown in Figs. 5(g) and 5(k). Figs. 5(i), 5(l) 
show that, for positive values of the nonlinear parameter ߙଵ଺ and ߙଵ଼, the system is unstable. 
Fig. 5(n) shows that the steady state amplitude of the first mode is a monotonic decreasing function 
in the natural frequencies ߱ଵ and ߱ଶ. 
 
a) Effects of the detuning parameter ߪଵ 
 
b) Effects of the non-linear parameter ߙଵ 
 
c) Effects of the damping coefficient ߙଶ 
 
d) Effects of the non-linear parameter ߙଵଶ 
 
e) Effects of the non-linear parameter ߙଵସ 
 
f) Effects of the non-linear parameter ߙଵହ 
 
g) Effects of the non-linear parameter ߙଵହ 
 
h) Effects of the non-linear parameter ߙଵ଺ 
 
i) Effects of the non-linear parameter ߙଵ଺ 
 
j) Effects of the non-linear parameter ߙଵ଻ 
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k) Effects of the non-linear parameter ߙଵ଼ 
 
l) Effects of the non-linear parameter ߙଵ଼ 
 
m) Effects of the non-linear parameter ߙଶ଴ 
 
n) Effects of the natural frequencies ߱ଵ, ߱ଶ 
 
o) Effects of the excitation amplitude ߩ 
Fig. 5. Effects of different parameters on the first mode 
5.1.2. Response curves of the second mode 
Fig. 6(a) shows the steady state amplitudes of the second mode against the detuning parameter 
ߪଶ at the practical case, where  ܽ ≠ 0, ܾ ≠ 0. For increasing values of the nonlinear parameter ߚ ଷ 
and ߚଵହ, the curves are shifted to the right leading to the occurrence of the jump phenomena, 
multi-valued amplitudes as shown in Figs. 6(b) and 6(h). Figs. 6(c), 6(f), 6(k) show that the steady 
state amplitudes of the second mode are monotonic decreasing functions in the linear damping 
coefficients ߚସ, the nonlinear parameter ߚ ଵସ and the natural frequencies ߱ଵ and ߱ଶ. Figs. 6(d), 
6(i), 6(j) shows that the steady state amplitudes of the second mode are monotonic increasing 
functions in the nonlinear parameters ߚ ଵଶ, ߚ ଵ଺ and ߚ ଵଽ. For negative and positive values of the 
nonlinear parameter ߚଵଷ, the steady state amplitude of the second mode is trivial leading to the 
occurrence of the saturation phenomena as shown in Fig. 6(e). For increasing positive values of 
the nonlinear parameter ߚ ଵସ, the steady state amplitude of the second mode is increased and the 
system is unstable as shown in Fig. 6(g). The regions of stability are decreased for increasing 
values of the nonlinear parameters ߚ ଷ  and ߚ ଵଶ . The regions of stability are increased for 
increasing values of the nonlinear parameter ߚ ଵହ and the natural frequencies ߱ଵ and ߱ଶ. 
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a) Effects of the detuning parameter ߪଶ 
 
b) Effects of the non-linear parameter ߚଷ 
 
c) Effects of the damping coefficient ߚସ 
 
d) Effects of the non-linear parameter ߚଵଶ 
 
e) Effects of the non-linear parameter ߚଵଷ 
  
f) Effects of the non-linear parameter ߚଵସ 
 
g) Effects of the non-linear parameter ߚଵସ 
 
h) Effects of the non-linear parameter ߚଵହ 
  
i) Effects of the non-linear parameter ߚଵ଺ 
 
j) Effects of the non-linear parameter ߚଵଽ 
 
k) Effects of the natural frequencies ߱ଵ, ߱ଶ 
Fig. 6. Effects of different parameters on the second mode 
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a) 
 
b) 
 
c) 
Fig. 7. a), b) Time responses and phase plane of the coupled system respectively;  
c) Poincare maps of the coupled system respectively; for (Ω = 3, ߱ଵ = 2.8, ߱ଶ = 3.25 and ߩ = 1) 
  
a) 
  
b) 
 
c) 
Fig. 8. a), b) Time responses and phase plane of the coupled system respectively;  
c) Poincare maps of the coupled system respectively; for (Ω = 3, ߱ଵ = 2.8, ߱ଶ = 3.25 and ߩ = 0.4)  
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a) 
 
b) 
 
c) 
Fig. 9. a), b) Time responses and phase plane of the coupled system respectively;  
c) Poincare maps of the coupled system respectively; for (Ω = 8.4, ߱ଵ = 2.8, ߱ଶ = 8.4 and ߩ = 1) 
6. Poincare map  
Poincare maps are introduced via example using two-dimensional autonomous systems of 
differential equations. They are used extensively to transform complicated behavior in the phase 
space to discrete maps in a lower-dimensional space. Poincaré maps are used to determine stability 
and plot bifurcation diagrams.  By simulating the movement of rotor-seal system (2) and Poincare 
mapping, the Fig. 7-9 are obtained. At ߩ = 1 with the non-resonant rotor-seal system where  
Ω ≠ ߱ଵ ≠ ߱ଶ, there is a period-one harmonic solution, which is depicted as a closed curve in the 
phase plane and as and there exist one isolated points on Poincare map as shown in Fig. 7. When 
ߩ = 0.4 with the non-resonant rotor-seal system where Ω ≠ ߱ଵ ≠ ߱ଶ, the system becomes chaotic 
and quasi-periodic motion appears and a close curve is observed on Poincare map as shown in 
Fig. 8. Fig. 9 shows that the time response of the rotor-seal system become stable and 
quasi-periodic motion appears at ߩ = 1  with the simultaneous sub-harmonic and internal 
resonance case (Ω ≅ 3߱ଵ, ߱ଶ ≅ 3߱ଵ). 
7. Conclusions 
Multiple time scale perturbation method is useful to determine approximate solutions for the 
coupled nonlinear differential equations describing the rotor-seal system up to and including the 
second order approximation. It is quite clear that some of the simultaneous resonance cases are 
undesirable in the design of such system as they represent some of the worst behavior of the system. 
Both the frequency response equations and the phase-plane technique are applied to study the 
stability of the system. The effect of the different parameters of the system is studied numerically. 
From the above study the following may be concluded: 
1) The amplitude of the first mode is increased to about 30 % of the maximum excitation forces 
amplitude ߩ , while the amplitude of the second mode is increased to about 70 % at the 
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non-resonant case (Ω ≠ ߱ଵ ≠ ߱ଶ). 
2) The amplitude of the first mode is increased to about 670 % while the amplitude of the 
second mode is increased to about 1140 % at resonance case (Ω ≅ ߱ଵ and ߱ଶ ≅ 3߱ଵ). 
3) The amplitude of the first mode is increased to about 670 % while the amplitude of the 
second mode is increased to about 570 % at resonance case (Ω ≅ ߱ଵ and ߱ଶ ≅ ߱ଵ). 
4) The regions of stability are increased for increasing values of ߙଵ, ߙଵସ and ߙଵ଻. 
5) For positive values of the nonlinear parameter ߙଵ଺ and ߙଵ଼, the system become unstable.  
6) For increasing values of the nonlinear parameter ߚ ଷ and ߚ ଵହ, the curves are shifted to the 
right leading to the occurrence of the jump phenomena, multi-valued.  
7) For negative and positive values of the nonlinear parameter ߚଵଷ, the steady state amplitude 
of the second mode is trivial leading to the occurrence of the saturation phenomena. 
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